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SO(3)-INVARIANT G2-COBORDISMS
RYOHEI CHIHARA
Abstract. We study a bordism relation for stable 3-forms on
a 6-manifold, which gives a binary relation on the set of closed
SL(3;C)-structures on a 6-manifold via closed G2-structures. Un-
der SO(3)-symmetry and co-associative condition the relation is
reduced to a relation for geometric structures on a 3-manifold. Un-
der this conditions we prove that the bordism relation is irreflexive
and that the relation induces a more rigid one.
1. Introduction
The concept of G2-cobordisms between 6-manifolds with SL(3;C)-
structures, which was introduced by S. Donaldson ([3], Section 4), is
significant in the context of boundary value problems for metrics with
holonomy G2. The bordism relation is defined as follows. Let X be
a spin 6-manifold, and let ψ1, ψ2 be closed definite 3-forms that gives
SL(3;C)-structures on X. The forms ψ1 and ψ2 are G2-cobordant if
there exists a closed definite 3-form φ defining a G2-structure on X ×
[t1, t2] compatible with the orientation and satisfying φ|X×{ti} = ψi for
i = 1, 2. This gives a binary relation ψ1 ≺ ψ2 on the set C(X) of closed
definite 3-forms on X.
Moreover we define a more rigid relation ψ1  ψ2 on C(X) by the ex-
istence of such a closed G2-structure φ that also induces a Riemannian
metric on X × [t1, t2] such that the product is orthogonal.
Although Donaldson pointed out that the relation≺ is transitive ([3],
Proposition 2), many basic properties of the relations are still open. In
this paper, we are interested in the following questions:
Question 1. Let X be a closed spin 6-manifold. When is the binary
relation ≺ on C(X) irreflexive? Here a binary relation is irreflexive if
it satisfies ψ ⊀ ψ for all ψ ∈ C(X).
Note that if X admits a Calabi-Yau structure (ω, ψ) then we can
easily see that the 3-form satisfies ψ ≺ ψ using the symplectic form ω.
So the non-existence of Calabi-Yau structures is a necessary condition
for the relation to be irreflexive.
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Question 2. When does the relation ≺ induce the above more rigid
one?
For Calabi-Yau structure (ω, ψ) we have ψ  ψ. We expect that
this question is related to sub-Riemannian geometry of diffeomorphism
group action to C(X).
In this paper, we consider the relation under SO(3)-symmetry and
co-associative condition, and prove several results related to the above
questions. More precisely, we study G2-cobordisms defined by SO(3)-
invariant co-associative fibrations M × SO(3) × [t1, t2] over a base 3-
manifold M . This gives a binary relation on the set of SO(3)-invariant
closed definite 3-forms on M×SO(3) vanishing along the fibers SO(3).
We describe the relation explicitly (Lemma 13 and Theorem 14), and
prove that the relation is irreflexive (Theorem 15). Moreover, we prove
that under this conditions the relation induces the more rigid one (The-
orem 18).
2. Preliminaries
In this section we recall the notions of definite 3-forms and G2-
cobordisms. The former was studied in detail in [4, 5] and the latter
introduced in [3].
2.1. Definite 3-forms in dimension 6 and 7. Let V be a real vector
space of dimension 6 and V ∗ its dual. Take a basis {v1, w1, v2, w2, v3, w3}
of V ∗. Let us set a normal form
ψ0 = Im{(v1 +
√−1w1) ∧ (v2 +√−1w2) ∧ (v3 +√−1w3)}
= −w123 + w1v23 + w2v31 + w3v12
where e.g., v12 = v1 ∧ v2. A 3-form ψ on V is called definite if ψ is
contained in the orbit GL(V ) ·ψ0 ⊂ ∧3V ∗. This condition is equivalent
to saying that ι(v)ψ ∈ ∧2V ∗ has rank 4 for any non-zero v ∈ V , where
ι denotes inner product (see [3], Section 2.1). The definiteness of a
3-form is an open condition.
Let X be an oriented 6-manifold. If X has an SL(3;C)-structure,
then X is spin. A 3-form ψ ∈ Ω3(X) is called definite if ψx ∈ ∧3T ∗xX is
definite at each point x ∈ X. We know that the group {g ∈ GL+(V ) |
g∗ψ0 = ψ0} coincides with SL(3;C) ⊂ GL(6;R). Thus a definite 3-
form ψ naturally gives an SL(3;C)-structure on X. In particular, ψ
gives an almost complex structure Jψ on X.
Let W be a 7-dimensional real vector space and W ∗ its dual. Take
a basis {v0, v1, w1, v2, w2, v3, w3}, and set a normal form
φ0 = (v
1w1 + v2w2 + v3w3)v0 + ψ0
= −w123 + w1(v01 + v23) + w2(v02 + v31) + w3(v03 + v12).
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A 3-form φ on W is called definite if φ is contained in the orbit GL(W )·
φ0 ⊂ ∧3W ∗. This condition is equivalent to saying that ι(w)φ has
rank 6 for any non-zero w ∈ W (see [3], Section 2.1). Moreover, the
restriction of a definite 3-form to any 6-dimensional subspace is also
definite.
Let Y be a 7-manifold. If Y has a G2-structure, then Y is spin.
A 3-form φ ∈ Ω3(Y ) is called definite if φy ∈ ∧3T ∗y Y is definite for
each y ∈ Y . The isotropy group of φ0 is known to coincide with
G2 ⊂ SO(7). Thus a definite 3-form φ gives a G2-structure, which
induces an orientation and a Riemannian metric on Y . Let us denote
by vol(φ) the volume form on Y induced by φ. See e.g., [3, 4, 5, 6] for
more details on SL(3;C)- and G2-structures.
2.2. G2-cobordisms. Let X be a spin 6-manifold. Define
C(X) := {ψ ∈ Ω3(X) | ψ is closed and definite}.
This set is a subset of the SL(3;C)-structures compatible with the
orientation on X. Let us define a binary relation on C(X) using closed
G2-structures on X × [t1, t2], where t1 < t2.
Definition 3. Let ψ1, ψ2 ∈ C(X). Then ψ1 ≺ ψ2 if there exists a closed
definite 3-form φ on X × [t1, t2] satisfying the conditions: vol(φ) > 0
for the product orientation, φ|X×{t1} = ψ1 and φ|X×{t2} = ψ2.
This binary relation is linked to non-degenerate 2-forms on X by the
following elementary proposition.
Proposition 4 ([3], the second paragraph in Section 4). Let ψ1, ψ2 ∈
C(X). Then ψ1 ≺ ψ2 if and only if there exist ωt ∈ Ω2(X) and ψt ∈
Ω3(X) parameterized by t ∈ [t1, t2] satisfying the following conditions:
(1) ψt1 = ψ1, ψt2 = ψ2, and ψt is definite for each t,
(2) ∂ψt/∂t = dωt for each t,
(3) the (1,1) part of ωt is positive with respect to the almost complex
structure on X induced by each ψt.
Proof. Suppose that ψ1 ≺ ψ2. Then we have a closed definite 3-form
φ on X × [t1, t2] satisfying the conditions in Definition 3. Setting
ωt := ι(∂/∂t)φ|X×{t} and ψt := φ|X×{t}, we obtain the desired forms.
Conversely, suppose that we have ωt and ψt satisfying the conditions
in Proposition 4. Then φ = ωt ∧ dt + ψt is the desired closed definite
3-form on X × [t1, t2], which gives ψ1 ≺ ψ2. 
Remark 5. By Proposition 4, we can easily see that ψ ≺ ψ by some one-
parameter family (ωt, ψt) with ψt ≡ ψ if and only if ψ has a symplectic
form ω that has the positive (1, 1) part with respect to Jψ. Moreover
we can give a non-constant path giving ψ ≺ ψ by perturbing ωt to
ωt + αt. Here αt is a family of small 2-forms satisfying
∫
[t1,t2]
αtdt = 0
pointwise.
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Let us define a more rigid version of the above relation.
Definition 6. Let ψ1, ψ2 ∈ C(X). Define ψ1  ψ2 by that there exists
a closed definite 3-form φ on X × [t1, t2] satisfying the conditions in
Definition 3 and also ι(∂/∂t)φ ∧ φ|X×{t} = 0 for each t.
The last condition is equivalent to saying that the 2-form ι(∂/∂t)φ|X×{t}
is a (1, 1) form on X with respect to the almost complex structure in-
duced by each φ|X×{t}. This condition is also equivalent to that the
product X × [t1, t2] is orthogonal for the metric defined by φ.
3. SO(3)-invariant structures
In this section we prove several results related to Questions 1 and 2
under SO(3)-symmetry and co-associative condition.
3.1. Settings. LetM be an oriented 3-manifold. Fix a basis {X1, X2, X3}
of so(3) satisfying [Xi, Xj] = ijkXk for i, j = 1, 2, 3, where ijk is the
3-rd order Levi-Civita symbol. An orientation on SO(3) is given by
X1∧X2∧X3, and that on M ×SO(3) by direct product. Let us define
ψ ∈ Cinv(M) by the following conditions:
(1) ψ ∈ C(M × SO(3)),
(2) ψ is SO(3)-invariant under the right action,
(3) ψ vanishes along each fiber SO(3).
Note that C(M) ⊂ C(M ×SO(3)). Refinements of the relations ≺ and
 in Definition 3 and 6 are defined as follows.
Definition 7. Let ψ1, ψ2 ∈ Cinv(M). Then ψ1 ≺inv ψ2 if there exists a
closed definite 3-form φ on M×SO(3)×[t1, t2] satisfying the conditions
in Definition 3 and also that φ is SO(3)-invariant and vanishes along
each fiber SO(3)× [t1, t2].
In Definition 7 each fiber SO(3)× [t1, t2] is an almost co-associative
submanifold of the 7-manifold M×SO(3)×[t1, t2] with the G2-structure
φ.
Definition 8. Let ψ1, ψ2 ∈ Cinv(M). Then ψ1 [inv ψ2 if there exists
a closed definite 3-form φ satisfying the conditions in Definition 7 and
also that ι(∂/∂t)φ ∧ φ|M×SO(3)×{t} = 0 for each t.
Clearly ψ1 ≺inv ψ2 implies ψ1 ≺ ψ2, and inv imp;ies .
3.2. Lemmas. Let us prove lemmas used in the proofs of main results.
Let C∞+ (M) and A be the set of positive functions on M and the set of
connection 1-forms on the trivial bundle M × SO(3), respectively. A
tensorial (or horizontal) so(3)-valued 1-form e on M × SO(3) is called
a solder 1-form if e = eiXi satisfies e
123 6= 0 at each u ∈M ×SO(3) for
the basis {X1, X2, X3} ⊂ so(3). By this basis, we write a = aiXi ∈ A
and often follow Einstein’s convention.
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Lemma 9. Let ψ be an SO(3)-invariant definite 3-form on M×SO(3)
vanishing along each fiber SO(3). Then there exists a unique triple of
f ∈ C∞+ (M), a ∈ A, and a solder 1-form e such that
ψ = −fe123 + e1a23 + e2a31 + e3a12.
Proof. We can easily see that there exists an SO(3)-invariant positive
(1, 1) form ω on M × SO(3) vanishing along each fiber. In fact, let
V1, V2, V3 be SO(3)-invariant linear-independent vector fields along the
fibers, and let Jψ be the almost complex structure induced by ψ. Put
Wi = JψVi for i = 1, 2, 3. Let {V i,W i | i = 1, 2, 3} be the dual 1-
forms of {Vi,Wi | i = 1, 2, 3}. Then we can see that
∑3
i=1 V
i ∧ W i
is the desired 2-form. Hence, by ([2], Theorem 3.5), there exists a
triple (f, a, e) satisfying the desired conditions. We can easily see the
uniqueness. 
Remark 10. We remark that dψ = 0 if and only if a is the Levi-
Civita connection, that such a closed SO(3)-invariant 3-form is thus
determined by (f, e), and up to action of the gauge group by (f, γ) for
γ the metric on M defined by e. (See [1], Subsection 1.2 for details.)
Lemma 11. Let ψ be a 3-form as in Lemma 9, and ω an SO(3)-
invariant 2-form on M × SO(3) vanishing along all fibers and hori-
zontal planes of the connection a. Then there exists a unique SO(3)-
equivariant M(3;R)-valued function Kij on M × SO(3) such that
ω =
∑
i,j=1,2,3
Kija
i ∧ ej.
Here C ∈ SO(3) acts on D ∈M(3;R) by CDC−1.
Proof. Using the basis {X1, X2, X3} of so(3), let us defineKij by ι(X∗i )ω =∑3
j=1Kije
j for i = 1, 2, 3, where A∗ denotes the infinitesimal vector
field of A ∈ so(3). Then Kij satisfies the conditions in Lemma 11. 
Remark 12. We can easily see that ω is (1,1) with respect to the almost
complex structure induced by ψ if and only if Kij is symmetric.
Let (ωt, ψt) be a one-parameter family of 2- and 3-forms satisfying
the conditions in Lemma 9 and 11 and parameterized by an interval
[t1, t2]. Then we have the family (ft, at, et, (Kij)t) corresponding to
(ωt, ψt) by Lemma 9 and 11. The solder form e allows us to identify a
with a connection on M , and hence make sense of the condition that a
is the Levi-Civita connection. We write the curvature of a as Gij eˆ
iXj,
where eˆi = (1/2)ijke
ij.
Lemma 13. The 3-form φ = ωt ∧ dt + ψt on M × SO(3) × [t1, t2] is
closed, definite and vol(φ) > 0 if and only if (ft, at, et, (Kij)t) satisfies
the following conditions:
(1) (1/2){(Kij)t + (Kji)t} is positive-definite for each t,
6 RYOHEI CHIHARA
(2) at is the Levi-Civita connection for each et,
(3) ∂ei/∂t =
∑3
j=1(Kij)te
j
t for i = 1, 2, 3 and for each t,
(4) ∂f/∂t = −fttrKt − tr(KtGt) for each t, where Gt is the curva-
ture of at.
Proof. We can prove this lemma by direct computation as the proof of
([2], Proposition 6.8). First, we can easily see that φ is definite and
vol(φ) > 0 if and only if the first condition holds. Thus, all we have to
do is to compute dφ. We have
dφ = d(ωt ∧ dt+ ψt)
= (dωt − ∂ψ/∂t) ∧ dt+ dψt,
thereby dφ = 0 is equivalent to dψt = 0 and ∂ψ/∂t = dωt. By ([2],
Corollary 6.5 (1)), we see that dψt = 0 if and only if at is Levi-Civita
for et. From now on, suppose that dψt = 0. Put ∂e
i/∂t = Pije
j
t and
∂ai/∂t = Qije
j
t for i = 1, 2, 3. We have
∂ψ
∂t
= −{∂f
∂t
+ ftrP}e123 + {dijtrQ−Qji}aieˆj + Pij aˆiej,
dω = tr(KG)e123 + jαβKiα;βa
ieˆj +Kij aˆ
iej,
where we omit the subscript t, denote by Kiα;βe
β the covariant de-
rivative of (Kij)t for the connection at, eˆ
i = (1/2)ijke
ij and aˆi =
(1/2)ijka
jk. Also δij is Kronecker’s delta. As seen in ([1], Lemma 10),
the Levi-Civita condition det + [at ∧ et] = 0 implies δijtrQ − Qji =
jαβKiα;βa
i for i, j = 1, 2, 3. Hence, by comparing the equations above,
we obtain the conditions in Lemma 13. 
3.3. Results. Let M be the set of all Riemannian metrics onM . Using
Lemma 9, we can define the projection pi : Cinv(M) → C∞+ (M) ×M
by pi(ψ) = (f, γ) for each ψ ∈ Cinv(M), where we take f and e as in
Lemma 9, and γ is the Riemannian metric on M naturally induced by
the solder 1-form e. Let us define a binary relation on C∞+ (M) ×M.
Let (f1, γ1), (f2, γ2) ∈ C∞+ (M) ×M. Then (f1, γ1) ≺ (f2, γ2) if there
exists a one-parameter family (ft, γt) ∈ C∞+ (M)×M parameterized by
t ∈ [t1, t2] satisfying the following conditions:
(1) (ft1 , γt1) = (f1, γ1) and (ft2 , γt2) = (f2, γ2),
(2) ∂γ/∂t is positive-definite covariant symmetric tensor for each t,
(3) ∂f/∂t = −A(f, γ)ijγij for each t. Here A(f, γ)ij = 1/2(Gijt +
fγijt ) and (Gij)t is the Einstein tensor for each metric γt.
Theorem 14. Let ψ1, ψ2 ∈ Cinv(M). Then ψ1 ≺inv ψ2 implies pi(ψ1) ≺
pi(ψ2).
Proof. Suppose that ψ1 ≺inv ψ2. By Lemma 9–13 amd the co-associative
condition in ≺inv, we can decompose a closed definite 3-form φ that
gives the relation ψ1 ≺inv ψ2 into a one-parameter family (ft, at, et, Kt)
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parameterized by [t1, t2] and satisfying the conditions in Lemma 13.
Thus we can see that the projection pi(−fte123t + e1ta23t + e2ta31t + e3ta12t )
gives pi(ψ1) ≺ pi(ψ2). 
Theorem 15. The relation ≺inv on Cinv(M) is irreflexive, that is,
ψ ⊀inv ψ for any ψ ∈ Cinv(M).
Proof. From Lemma 13, we can see that if ψ1 ≺inv ψ2 then we have
∂(e1t ∧ e2t ∧ e3t )/∂t = trKte1t ∧ e2t ∧ e3t and trKt > 0. Hence ψ1 6= ψ2. 
Remark 16. If an oriented 3-manifold M is closed, then M × SO(3)
admits no symplectic structure. We do not know whether the non-
existence of symplectic structures induces irreflexivility of ≺ in general.
Let G be the gauge group of the trivial principal bundle M ×SO(3).
Proposition 17. Let ψ1, ψ2 ∈ Cinv(M). If pi(ψ1) ≺ pi(ψ2), then there
exists τ ∈ G such that ψ1 inv τ ∗ψ2.
Proof. Suppose that pi(ψ1) ≺ pi(ψ2). Then we have a one-parameter
family (ft, γt) parameterized by [t1, t2] that gives the relation pi(ψ1) ≺
pi(ψ2). We can lift this curve (ft, γt) by the natural connection in the
principal G-bundleM→M used in ([1], Section 1.1), whereM denotes
a connected component of the space of solder 1-forms on M × SO(3).
Note that the set of solder 1-forms has two connected component iso-
morphic to each other. Here, we choose the one containing the solder
1-form given by ψ1 as in Lemma 9. The connection in M → M is
defined by the decomposition M(3;R) = Sym(3;R) ⊕ Ant(3;R) at
each TeM, where Sym(3;R) and Ant(3;R) are the symmetric and
anti-symmetric matrices. Let (ft, et) be a horizontally lifted curve in
C∞+ ×M, and define (Tij)t by ∂ei/∂t = (Tij)tejt for each t. Here, by
the definition of the connection in M, (Tij)t is an SO(3)-equivariant
Sym(3)-valued funcion on M × SO(3) for each t. Then a pair of
ψt = −fte123t + e1ta23t + e2ta31t + e3ta12t and ωt = (Tij)tait ∧ ejt gives
ψ1 inv ψt2 , where at is the Levi-Civita connection for each et. Since
pi(ψt2) = ψ2, there exists a unique τ ∈ G such that ψt2 = τ ∗ψ2. 
By Theorem 14 and Proposition 17 combined, we have
Theorem 18. Let ψ1, ψ2 ∈ Cinv(M). If ψ1 ≺inv ψ2, then there exists
τ ∈ G such that ψ1 inv τ ∗ψ2.
Theorem 18 is related to Question 2. Moreover, considering that
how close we can take τ ∗ψ2 to ψ2 in Theorem 18 seems to be related to
the isoholonomic problem (see e.g. [7, 8]), which is a typical problem
of sub-Riemannian geometry, for the infinite-dimensional principal G-
bundle M → M over the space M of all Riemannian metrics on the
3-manifold M .
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